We prove Noether's direct and inverse second theorems for Lagrangian systems on fiber bundles in the case of gauge symmetries depending on derivatives of dynamic variables of an arbitrary order. The appropriate notions of reducible gauge symmetries and Noether's identities are formulated, and their equivalence is proved.
Introduction
Different variants of Noether's second theorem state that, if a Lagrangian admits symmetries depending on parameters, its variational derivatives obey certain relations, called Noether's identities. In a rather general setting, this theorem has been formulated in [6] . We present Noether's second theorem and its inverse (Theorem 5.2) for Lagrangian systems on a fiber bundle Y → X in the case of gauge symmetries depending on derivatives of dynamic variables of an arbitrary order.
For this purpose, we consider Lagrangian formalism on the composite fiber bundle E → Y → X, where E → Y is a vector bundle of gauge parameters. Accordingly, gauge transformations are represented by a linear differential operator υ on E taking its values into the vertical tangent bundle V Y of Y → X. For instance, if transformations of parameters are independent of fields, E is the pull-back of some vector bundle E → X onto Y . Noether's identity for a Lagrangian L is defined as a differential operator ∆ on the fiber bundle (3.9) which takes its values into the density-dual
of E and whose kernel contains the image of the Euler-Lagrange operator δL of L, i.e., ∆ • δL = 0 (Definition 5.1). Expressed in these terms, Noether's second theorem and its inverse follow at once from the first variational formula (Proposition 4.1) and the properties of differential operators on dual fiber bundles (Theorem 7.1). Namely, there exists the intertwining operator η(υ) = ∆ (7.3), η(∆) = υ (7.4) such that η(η(υ)) = υ, η(η(∆)) = ∆, (1.2)
3)
The appropriate notions of reducible Noether's identities and gauge symmetries are formulated, and their equivalence with respect to the intertwining operator η is proved (Theorem 6.3). A particular attention is paid to global aspects of Noether's second theorem as a preliminary step of the global analysis of BV quantization [7, 9] . Here, we describe classical systems of even fields and gauge transformations. This description however fails to be algebraically self-contained. Firstly, Noether's identity does not determine transformations of gauge parameters because a classical Lagrangian is independent of gauge parameters. Secondly, the weak equality A ≈ 0 (i.e., A equals zero on-shell) is not algebraically formulated. In the framework of BV quantization, a Lagrangian depends on ghosts, its gauge symmetry is required to be nilpotent, and Euler-Lagrange equations are replaced with the Koszul-Tate differential δ acting on antifields [3] . In these terms, the conditions ∆ a ≈ 0, υ a ≈ 0 in Definitions 6.1 and 6.2 of reducible Noether's identities and gauge symmetries mean that the operators ∆ a and υ a are not δ-exact.
Preliminaries
Recall that an r-order Lagrangian on a fiber bundle Y → X is defined as a density
on the r-order jet manifold J r Y of sections of Y → X.
A k-order differential operator on a fiber bundle Y → X with values into a fiber bundle Z → X is defined as a section ∆ of the fiber bundle
It admits an m-order jet prolongation ∆ (m) as a section of the fiber bundle
By a differential operator throughout is meant its appropriate finite order jet prolongation. Given bundle coordinates (x λ , y i ) on Y and (x λ , z A ) on Z, a differential operator ∆ reads holds, a differential operator ∆ is identified to a section of the fiber bundle 
Given bundle coordinates (x λ , y i , w r ) on W and (x λ , y i , z A ) on Z, such an operator reads
3 Lagrangian formalism on fiber bundles
In Lagrangian formalism on a fiber bundle Y → X, we deal with the following graded differential algebra (henceforth GDA). Jet manifolds of Y → X make up the inverse system
In the sequel, the index r = 0 stands for Y . Accordingly, we have the direct system
of GDAs O * r Y of exterior forms on jet manifolds J r Y with respect to the pull-back monomorphisms π r r−1 * . Its direct limit O * ∞ Y is a GDA consisting of all exterior forms on finite order jet manifolds modulo the pull-back identification.
The projective limit (
of the inverse system (3.1) is a Fréchet manifold [10] . A bundle atlas {(U Y ; x λ , y i )} of Y → X yields the coordinate atlas
, and
are the total derivatives. There is the GDA epimorphism O *
∞ Y can be written in a coordinate form where the horizontal one-forms {dx λ } and the contact one-forms {θ There is the canonical decomposition O *
∞ Y of k-contact and m-horizontal forms together with the corresponding projectors h k :
One also introduces the R-module projector
∞ Y is split into the well-known variational bicomplex [2, 8, 9, 10] . Here, we are concerned with its variational complex
and the complex of one-contact forms
They possess the following cohomology [1, 7, 8] .
Theorem 3.1. (i) The cohomology of the variational complex (3.6) equals the de Rham cohomology of Y . (ii) The complex (3.7) is exact.

Any finite order Lagrangian
is its Euler-Lagrange operator taking the values into the vector bundle
Then item (i) of Theorem 3.1 states the following.
where ψ is a closed n-form on Y .
Item (ii) of Theorem 3.1 provides the R-module decomposition
Given a Lagrangian L ∈ O 0,n ∞ Y , we have the corresponding decomposition
where Ξ L = Ξ + L is a Lepagean equivalent of L. This decomposition leads to the first variational formula (4.4).
Given a Lagrangian L and its Euler-Lagrange operator δL (3.8), we further abbreviate A ≈ 0 with an equality which holds on-shell. This means that A is an element of a module over the ideal I L of the ring O 0 ∞ Y which is locally generated by the variational derivatives E i and their total derivations d Λ E i . In this case A vanishes on the kernel of an appropriate jet prolongation of the Euler-Lagrange operator. However, the converse need not be true, unless this kernel is an imbedded submanifold. We say that I L is a differential ideal because, if a local functions f belongs to I L , then every total derivative d Λ f does as well.
4 Gauge symmetries in a general setting 
and its derivation (the Lie derivative) Relative to an atlas (3.3), a contact derivation is given by the expression
where {∂ Λ i } is the dual to the basis {θ i Λ } with respect to the interior product ⌋ [9] . A contact derivation is completely determined by its summand 
where Ξ L is a Lepagean equivalent of L [9] .
A generalized vector field υ (4.3) is called a variational symmetry of a Lagrangian L if the Lie derivative L ϑ L (or, equivalently, υ⌋δL) is a d H -exact form. A Lagrangian system on a fiber bundle Y → X is said to be a gauge theory if its Lagrangian L admits a family of variational symmetries parameterized by elements of a vector bundle E → Y as follows. Let E → Y be a vector bundle coordinated by (x λ , y i , ξ r ). Given a Lagrangian L on Y , let us consider its pull-back, say again L, onto E. Let ϑ E be a contact derivation of the R-ring O 0 ∞ E, whose restriction
It is determined by a generalized vector field υ E on E whose canonical projection
on E. Let ϑ E be a variational symmetry of a Lagrangian L on E, i.e.,
Then one says that υ (4.6) is a gauge symmetry of a Lagrangian L. This is the case of Noether's second theorem. Note that any generalized vector field υ (4.6) gives rise to a generalized vector field υ E on E and, thus, defines a contact derivation ϑ E of O 0 ∞ E. Indeed, let us consider the exact sequence of vector bundles
where V Y E is the vertical tangent bundle of E → Y . Its splitting Γ lifts υ to the generalized vector field υ E = Γ • υ on E. However, the Lie derivative
depends only on υ, but not a lift Γ.
Remark 4.2.
One can also consider a local-variational gauge symmetry ϑ E when the Lie derivative L ϑ E L is δ-closed, but any local-variational gauge symmetry is variational as follows. By virtue of Theorem 3.2, L ϑ E L takes the form (3.10) where ψ is a closed form on E. Since E → Y is a vector bundle, Y is a strong deformation retract of E. Then any non-exact closed form on E is the pull-back of that on Y , i.e., it is independent on fiber coordinates ξ r . Since the Lie derivative L ϑ L is linear in ξ r Λ , it is always d H -exact, i.e., ϑ E is variational.
Noether's second theorem
Let us start with the notion of Noether's identity.
Definition 5.1. Given a Lagrangian L (2.1), we say that its Euler-Lagrange operator δL (3.8) obeys Noether's identity if there exists a vector bundle E → Y and a linear differential operator ∆ of order 0 ≤ m on the vector bundle (3.9) with the values into the density-dual
Given bundle coordinates (x λ , y i , y i ) on the fiber bundle (3.9) and (x λ , y i , ξ r ) on E, a differential operator ∆ in Definition 5.1 is represented by the density
Then Noether's identity (5.1) takes the coordinate form
Remark 5.1. We will use the relations 
Conversely, if the Euler-Lagrange operator of a Lagrangian L obeys Noether's identity (5.3), this Lagrangian admits a gauge symmetry υ (4.6) where
Proof. Given an operator υ (4.6), the operator ∆ = η(υ) expressed in the coordinate form (5.8) is defined in accordance with Theorem 7.1. Since the density
holds. Conversely, any operator ∆ (5.2) defines the generalized vector field υ = η(∆) expressed in the coordinate form (5.9). Due to Noether's identity (5.3), we obtain
i.e., υ is a gauge symmetry of L. 2
By virtue of the relations (1.2), there is one-to-one correspondence between gauge symmetries of a Lagrangian L and Noether's identities for δL.
Any Lagrangian L have gauge symmetries. In particular, there always exist trivial gauge symmetries
Furthermore, given a gauge symmetry υ (4.6), let h be a linear differential operator on some vector bundle E ′ → Y , coordinated by (x λ , y i , ξ ′s ), with values into the vector bundle E.
Then the composition
is a gauge symmetry of the pull-back of a Lagrangian L onto E ′ . In view of this ambiguity, we agree to say that a gauge symmetry υ (4.6) of a Lagrangian L is complete if any different gauge symmetry υ ′ 0 of L factorizes through υ as
A complete gauge symmetry always exists, but the vector bundle of its parameters need not be finite-dimensional. Accordingly, given Noether's identity (5.1), let H be a linear differential operator on E * with values into the density-dual E ′ * (1.1) of some vector bundle E ′ → Y . Then the composition ∆ ′ = H • ∆ also provides Noether's identity for δL. We agree to call Noether's identity 
and, by virtue of the relations (1.3), we have
where η(F ) ≈ 0 because I L is a differential ideal. The converse is similarly proved. 2
Reducible gauge theories
Recall that the notion of reducible Noether's identity has come from that of a reducible constraint [5] , but it involves differential relations. 
a is another differential operator possessing these properties, then it factorizes through ∆ a on-shell.
In particular, a zero-stage reducible Noether's identity is called reducible. In this case, given bundle coordinates (x λ , y i , ξ r ) on E * and (x λ , y i , ξ r 0 ) on E 0 , a differential operator ∆ 0
Then the reduction condition ∆ 0 • ∆ ≈ 0 for Noether's identity (5.3) reads
i.e., the left hand-side of this expression takes the form 
The converse is justified in the same way. The equivalence of the conditions in items (iv) of Definitions 6.1 and 6.2 is proved similarly to that in Proposition 5.3 2 7 Appendix. Differential operators on dual fiber bundles Its Euler-Lagrange operator δ(υ) = E i dy i ∧ ω + E r dξ r ∧ ω + E a dq a ∧ ω takes its values into the fiber bundle
where V * (E ×
